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Problems I've Been Interested In

Type-checking generalized Deciding an extension of
guarded recursion Lambek calculus (NC ILL)
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Guarded Recursion in a Nutshell

m The usual typing rule for recursive definitions:

REC
Mx:AFt: A

N-rec(x:A).t: A

In its presence, every type A classifies partial terms, e.g., rec(x : A).x.
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Guarded Recursion in a Nutshell

m The usual typing rule for recursive definitions:

REC
Mx:AFt: A

N-rec(x:A).t: A

In its presence, every type A classifies partial terms, e.g., rec(x : A).x.

m A reasonably simple alternative is guarded recursion:

GUARDEDREC
Mx:x,7AFt:A

N-rec(x:A).t: A

Intuitively, this forces t's output to be strictly more defined than x.
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Guarded Recursion in a Nutshell

m The usual typing rule for recursive definitions:

REC
Mx:AFt: A

N-rec(x:A).t: A

In its presence, every type A classifies partial terms, e.g., rec(x : A).x.

m A reasonably simple alternative is guarded recursion:

GUARDEDREC
Mx:x,7AFt:A

N-rec(x:A).t: A

Intuitively, this forces t's output to be strictly more defined than x.

m This leads to a language with recursive types and a family of modalities * _
graded by time warps, with attenant term formers.
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Time Warps: Definition and Basic Structure

So-called “time warps” are generalized synchronous clocks.
Definition

A time warp p is a sup-preserving map from w + 1 to itself, i.e., it is a monotonic
map such that:

p(0) =0 and p(w) ="\/ p(n).

n<w
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Time Warps: Definition and Basic Structure

So-called “time warps” are generalized synchronous clocks.
Definition

A time warp p is a sup-preserving map from w + 1 to itself, i.e., it is a monotonic
map such that:

p(0) =0 and p(w) ="\/ p(n).

n<w

Programming applications rely on the following structure:
m the lattice structure obtained by ordering time warps pointwise,
m the monoidal structure given by composition p* g = qo p,

m the residuals — and o— are right adjoints to composition.

g<p—or = pxq<r < p<ro—gq

Adrien Guatto (IRIF & U. Paris 7)

Programming with Time Warps SYNCHRON'19 4/19
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So-called “time warps” are generalized synchronous clocks.
Definition

A time warp p is a sup-preserving map from w + 1 to itself, i.e., it is a monotonic
map such that:

p(0) =0 and p(w) ="\/ p(n).

n<w

Programming applications rely on the following structure:
m the lattice structure obtained by ordering time warps pointwise,
m the monoidal structure given by composition p* g = qo p,

m the residuals — and o— are right adjoints to composition.
g<p—or = pxq<r < p<ro—gq

More on this structure, and in particular residuals, later.
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Representing Time Warps as Eventually Periodic Sequences
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Representing Time Warps as Eventually Periodic Sequences
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Representing Time Warps as Eventually Periodic Sequences

I=n~n

0l=n+—n-1 4~
0=n—0

w0 =nwrswforn>0

2=n+2n
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Representing Time Warps as Eventually Periodic Sequences
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Representing Time Warps as Eventually Periodic Sequences

1=nw—n
0l=n—n-1 ~
0=n—0 6
wO=n+—wforn>0 5
2=nw2n
T0=nr (n+1)/2 4
They are closed under *, V, A, —o, and o—. ’
For example, 2% 10 = 1. oL
212 2 2 2 2 .. Lpo
10110 10 10 10 10
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Representing Time Warps as Eventually Periodic Sequences

I=nwn
0l=n+—n-1 ~
0=n~0 6
w0 =nwrswforn>0 5
2=n+2n
T0=nes (n+1))2 4
They are close_d ui:ler *, V, A, —o, and o—. 3
For example, 2+ 10 = 1. 2t
212 2 2 2 2 .. 1r
10110 10 10 10 10

2x10 1 1 1 1 1

Everything is computable/decidable.
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Programming with Time Warps: Main Aspects

m Formal time warps P appear in gradings and denote time warps [P].

PQR=p|PxQ|P—-Q|P—Q|PAQ|IPVQ
AZ'*PA
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Programming with Time Warps: Main Aspects

m Formal time warps P appear in gradings and denote time warps [P].

PQR=p|PxQ|P—-Q|P—Q|PAQ|IPVQ
AZ'*PA

m Delays provide unbounded buffering.

DELAY
MEt:%gA PEQ

IFdelayp t:%p A
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Programming with Time Warps: Main Aspects

m Formal time warps P appear in gradings and denote time warps [P].

PQR=p|PxQ|P—-Q|P—Q|PAQ|IPVQ
AZ'*PA

m Delays provide unbounded buffering.

DELAY
MEt:%gA PEFQ

IFdelayp t:%p A

m Rescaling by P lets a subterm run “P-times faster” than its context.

BADSCALE
=t A

kpl Fshutp t:kpA

(The above rule is not quite satisfactory but sufficient for this talk.)
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Programming with Time Warps: Main Aspects

m Formal time warps P appear in gradings and denote time warps [P].

PQR=p|PxQ|P—-Q|P—Q|PAQ|IPVQ
AZ'*PA

m Delays provide unbounded buffering.

DELAY
MEt:%gA PEQ

IFdelayp t:%p A

m Rescaling by P lets a subterm run “P-times faster” than its context.

BADSCALE
[t A

kpl Fshutp t:kpA

(The above rule is not quite satisfactory but sufficient for this talk.)

The entailment P F Q stands for [P] < [Q], which is easy to decide.
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)
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The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

p l?? ‘
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p-—or & pxq<r & p<re—gq
(The boxes below represent shutp (—) term formers.)

) A
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The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)
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P l*Per ‘ re—d *qA ‘
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

X, A *, A
P l*Per ‘ re—d *qA ‘
Exercise: let's try to find the values below.
1—-2= 01 -01= 2 —o1= 2 —02= w0 —o1=
20-1= 010—01= T1o—2= 10—10= 1o—0=
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

X, A *, A
p l*Per ‘ re—4q *qA ‘
Exercise: let's try to find the values below.
1—-2=2 01 -01=1 2 —o1= 2 —02= w0 —o1=
20-1= 010—01= T1o—2= 10—10= 1o—0=

Adrien Guatto (IRIF & U. Paris 7) Programming with Time Warps SYNCHRON'19

7/

19



Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

X, A *, A
P l*Per ‘ re—d *qA ‘
Exercise: let's try to find the values below.
1—-22=2 01—-01=1 2-—-1=10 2-—02= wl—o1=
20-1= 010—01= T1o—2= 10—10= 1o—0=
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.

=2 01 o01=1 2—-1=10 2-—902=20 wl—o1=

=
Nl

—o

—1= 010-01= lo—2= 10—10= 1o—0=

Nl
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.

=2 01—-0I=1 2-—91=10 2-—902=20 w0-—o1=10

=
Nl

—o

—1= 010-01= lo—2= 10—10= 1o—0=

Nl
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.
1—922=2 01—-01=1 2-—-1=10 2-02=20 w0-—o1=10

20-1=2 01o—01= To—2= 10—10= To—0=
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.

2—01=10 2-—02=20 w0-—-o1=10

=

1—-2=2 01 -01=
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The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.

2-—1=10 2-02=20 w0—o1=10

=

1—-2=2 01 -01=
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Interlude: Residuals from a Programming Perspective

The universal property of residuals makes them useful when programming.
g<p—or & pxq<r & p<ro—gq

(The boxes below represent shutp (—) term formers.)

) A

P l*Per ‘ re—d *qA ‘

Exercise: let's try to find the values below.

2-—1=10 2-02=20 w0—o1=10

=

1—-2=2 01 -01=
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

*p\r A

*rA

~

Adrien Guatto (IRIF & U. Paris 7) Programming with Time Warps SYNCHRON'19 8/19



Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

*p\r A ?7? *q A

*rA *rA

~ ~

Adrien Guatto (IRIF & U. Paris 7) Programming with Time Warps SYNCHRON'19 8/19



Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

*p\r A

r/q

*rA *rA

~ ~

Adrien Guatto (IRIF & U. Paris 7) Programming with Time Warps

SYNCHRON'19

8/

19



Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

>|<P\’A r/q *qA

*, A *, A

~

Exercise: let's try to find the values below.

_—  10/T0-= 10=

=l

13- 01/0T = 3/

=

T\2=  2\I-= 01\01= 0T\I= WO\T =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

P >|<P\’A r/q *qA
*, A *, A
Exercise: let's try to find the values below.
12-=10 01/0T= 31— 10/10 10—
T\2= 2\1= 01\01= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

P >|<P\’A r/q *qA
*, A *, A
Exercise: let's try to find the values below.
12-T0 0T/0T1=021 2/i— 10/70 10—
T\2= 2\1= 01\01= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?
p\r<q & r<pxq & r/g<p

P >|<P\’A r/q *qA
*, A *, A
Exercise: let's try to find the values below
12-=T0 01/0T=021 2/I=2 10/T0= 10—
T\2=  2\1= 01\01= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?
p\r<q & r<pxq & r/g<p

>|<P\’A r/q

*rA

~

Exercise: let's try to find the values below

12-10 010T=021 23/=2 10/1
T\2=  2\I= 01\01= 0T\I= WO\T =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?
p\r<q & r<pxq & r/g<p

p >|<p\r’4 r/q *qA
*, A *, A
Exercise: let's try to find the values below
1/2=T0 01/0T=021 2/I=2 T10/T0=102 1/0= undef
T\2=  2\1= 0T\01= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?
p\r<q & r<pxq & r/g<p

p >|<p\r’4 r/q *qA
*, A *, A
Exercise: let's try to find the values below
1/2=T0 01/0T=021 2/I=2 T10/T0=102  1/0= undef
T\2=2 2\1= 0T\01= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?
p\r<q & r<pxq & r/g<p

p >|<p\r’4 r/q *qA
*, A *, A
Exercise: let's try to find the values below
1/2=T0 01/0T=021 2/I=2 T10/T0=102  1/0= undef
TI\2=2 2\1=01 0I\0i= 0T\T= WO\ =
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

p *p\r A

ﬂ<r/q

~

Exercise: let's try to find the values below.

07/0T=021 2/1=2

Adrien Guatto (IRIF & U. Paris 7)
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

p *p\r A

ﬂ<r/q

~

Exercise: let's try to find the values below.

07/0T=021 2/1=2
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

p *p\r A

r/q

*, A *, A

~ ~

Exercise: let's try to find the values below.

07/0T1=021 2/I1=2 T10/10=102  1/0 = undef
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Interlude: What About Left Adjoints To Composition?

What about /left adjoints to pre/post-composition?

p\r<q & r<pxq & r/g<p

>|<P\’A r/q

*, A *, A

~ ~

Exercise: let's try to find the values below.

07/0T1=021 2/I1=2 T10/10=102  1/0 = undef
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The Need for Time Warp Polymorphism

What type do we want for the function g? (Adapted from Gonthier.)

o]
f:SB—SB (Rl

g = \x.(f (fst x), f (snd x))

=]
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What type do we want for the function g? (Adapted from Gonthier.)

| f
f:SB—SB 141
g = \x.(f (fst x), f (snd x)) =

| f

g: V(XY :warp).kx (SB) x kxy (SB) = %x(SB) x ky (SB)
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The Need for Time Warp Polymorphism

What type do we want for the function g? (Adapted from Gonthier.)

| f
f:SB—SB 141
g = \x.(f (fst x), f (snd x)) =

| f

g: V(XY :warp).kx (SB) x kxy (SB) = %x(SB) x ky (SB)

This requires universal quantification over time warps.

A= | *kpA| V(X :warp).A
P,QR:=X|p|P+xQ|P—-Q|P—Q|PANQRIPVQ

How should P F @ be extended to deal with formal variables?
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The Need for Time Warp Polymorphism

What type do we want for the function g? (Adapted from Gonthier.)

| f
f:SB—SB 141
g = \x.(f (fst x), f (snd x)) =

| f

g: V(XY :warp).kx (SB) x kxy (SB) = %x(SB) x ky (SB)

This requires universal quantification over time warps.

Ai=---|%kpA| V(X : warp).A
P,QR:=X|p|PxQ|P—-Q|Po—Q|PAQ|PVQ

How should P F @ be extended to deal with formal variables?
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Time Warp Entailment: Desiderata

Formal time warps now denote maps from ¢ € Var — W to W.

X1y = #(X) [ple = p [P+ Ql, = [P, +[Qls
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Time Warp Entailment: Desiderata

Formal time warps now denote maps from ¢ € Var — W to W.

X1y = #(X) [ple = p [P+ Ql, = [P, +[Qls

What should the entailment predicate P - Q look like?
m It should (at least) be sound.

PFQ = Vi : Var = W, [P], < [Q],

m It does not necessarily have to be complete.

2

Vo : Var = W, [Pl, < [Q], = PFQ

m It should be decidable, perhaps defined as an inductive judgment?
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Time Warp Entailment: Desiderata

Formal time warps now denote maps from ¢ € Var — W to W.

X1y = #(X) [ple = p [P+ Ql, = [P, +[Qls

What should the entailment predicate P - Q look like?
m It should (at least) be sound.

PFQ = Vi : Var = W, [P], < [Q],

m It does not necessarily have to be complete.

2

Vo : Var = W, [Pl, < [Q], = P+ Q
m It should be decidable, perhaps defined as an inductive judgment?

| struggled for a while with ad-hoc proof rules, until. ..
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Heard on a Bus in Copenhagen, May 2019

Niccolo Veltri: “This seems related to Lambek calculus!”
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Residuated Lattices and Lambek Calculi

STUDIES IN LOGIC

AND

THE FOUNDATIONS OF MATHEMATICS

VOLUME 151

S. ABRAMSKY / 5. ARTENOY / DAL GABBAY / A. KECHRIS / A. PILLAY | R.A. SHORE
EDITORS

Residuated Lattices:
An Algebraic Glimpse
at Substructural Logics

N. GALATOS, P JIPSEN, T. KOWALSKI AND H. ONO

e ——

ELSEVIER
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Residuated Lattices and Lambek Calculi

. After some reading, | learned how time warps:
STUDIES IN LOGIC
e m form a bounded residuated lattice,

THE FOUNDATIONS OF MATHEMATICS

vouune 15 m and thus model full Lambek calculus (FL).

FL is decidable, and its formulas belong to the following

subset of formal time warps:
Residuated Lattices:

An Algebraic Glimpse — AT n
at Substructural Logics P,Q R _| )FS | %' |1F‘!' w OQ ‘ p 0
* —o0 o—
|PANQ|PVQ

S GALAToR P NraENiT, RoWALSELAND W OND
All the connectives are there, but most time warps are
obviously missing. Can we add them while preserving

decidability?
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Full Lambek Calculus with Time Warps: Syntax

Formulas are formal time warps, contexts are lists of formulas.

P,QR:=X|p|P+xQ[P—-Q|P—Q|PANQRIPVQ
©:=-]6,P

The decidable congruence = captures equivalence of closed formulas.

X=X P*q=pxq p—oqg=p-—oq

We extend it to contexts.

©0:=06; ©; =063 P=F
0=0 0, =05 ©1,P,0,=0,P,0;
©1,p,q,02 =01,p* q,0: 01,1,0; = 01,0

13/19
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Full Lambek Calculus: Existing Rules (1/2)

FL corresponds to non-commutative ILL with units.

AXioM

PrP
*L

917P707@2'_R
©1,PxQ,0,FR

—oR
P,OFQ
OFP = Q

Adrien Guatto (IRIF & U. Paris 7)

Cur
e2|_Q el7Q7e3|_P
©1,0,,03+FP

*R —LL
©,FP O, FQ O, FP ©1,Q,03FR
el,ezf—P*Q el,ez,P—OQ,e;;l—R
©,FP ©0:1,Q,05FR O,PFQ
©1,Qo— P,0;,03FR OFQo—P
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Full Lambek Calculus: Existing Rules (2/2)

AL1 AL2 AR

©1,P,02F R 01,Q,0,FR OFrP ©OFQ
©1,PAQ,02F R ©1,PANQ,0,FR OFPAQ
VL VR1 VR2
©1,P,0,FR  ©1,Q,0,FR OFrP OFrP

©1,PVQ,0,+FR OFPVQ OFPVQ
0L wOR 1L 1R
01,0, P
©:,0,0, - P OFwd ©1,1,0,+F P 1

Adrien Guatto (IRIF & U. Paris 7)
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Full Lambek Calculus: Adding General Time Warps

We want to enrich the preceding rules in order to:
m include the ordering relation between time warps,

m reason up to the equations coming from the model.

This leads to the following rules:

WEAKWARP EQL EQR
p<gq ©1,9,02 P e=0 eFrP P=PF OF P
@1,2,@2"/3 OrFP OrP

The decidability of FL follows from cut elimination and subformula property.
However, in the extended calculus:

m cut elimination is not obvious, and

m even if it held, the calculus does not enjoy the subformula property.
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Failure of the Subformula Property

All the following rules are derivable even in the absence of cut:

6171762'_"3 91’2)E7e2|_’p elaz’ﬂ»e2kp
01,0, F P 9,0, F P ©,,0,F P

61737m762'_’p 91737M792|_P 61737&’62|_P
©1,0, P 01,0, F P ©1,0,F P

An infinite number of instances of the EQL rule can always be applied.
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An |dea of the Difficulties

Why is the following sequent derivable?

Xo—102 oY HFXxY
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An |dea of the Difficulties

Why is the following sequent derivable?
Xo—102 oY HFXxY

The proof below is, | think, the only one up to nonessential differences.

2 YEY
2 oYFY
— YEXxY

-
2,

Adrien Guatto (IRIF & U. Paris 7) Programming with Time Warps SYNCHRON'19

18/19



An |dea of the Difficulties

Why is the following sequent derivable?
Xo—102 oY HFXxY

The proof below is, | think, the only one up to nonessential differences.

2 YEY
2 oYFY
— YEXxY

-
2,

This seems discouraging: how do we know that 1 has to be split into 10 * 2?
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Dear off-line readers. ..
. at this point the talk was cut short.

In this talk, | tried to make the following points:

m time warps are a generalization of synchronous clocks that allow an arbitrary
countable number of activations (or data) per time step,

m they form a model of Lambek calculus, a non-commutative and intuitionnistic
variant of linear logic originating from linguistics,

m Lambek calculus can be extended to talk directly about concrete time warps by
adding them as atomic formulas related by axioms,

m the decidability of this extension is an interesting and unsettled problem.
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