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Probabilistic Programming

Programming and  reasoning with uncertainty

Program functions with uncertainty: sample from distributions 

Condition on observed data: inputs of the model 

Probabilistic Programming Languages

Bugs, Stan, Church, Blog, Anglican, Venture, Figaro, WebPL, Pyro, Edward, ... 

Probabilistic constructs:


x = sample(d): introduce a random variable x of distribution d 

observe(d, y):  measure the likelihood of an observation y w.r.t d 

infer m obs: compute output distribution of a model m given obs 

Inference: compute probability distribution defined by a model given observations 

or data (similar to learning in machine learning)
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ProbZelus: Design Choices

Zelus extended with probabilistic constructs


Inference in the loop

Interaction between deterministic processes and probabilistic models 

Models receives input from the environment 

Deterministic processes can access intermediate results 

Feedback between inferred distribution and deterministic processes 

Streaming inference

Inference runs in parallel with deterministic processes (non-terminating) 

Should run with bounded ressources 

Multiples inference algorithms with different trade-off cost/accuracy 

Sequential Monte-Carlo (SMC) vs. streaming delayed sampling
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Learn parameters from data

Latent parameters at instant t    

Observed data                     

Compute the distribution                                 at each time step       

Bayesian Inference (in-the-loop)
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(Bayes' theorem)

(Data are constants)

p(θt | x1, . . . xt)
<latexit sha1_base64="mqs02o5/PX+6uZJgm0jQbv6m9AQ=">AAACDHicbVDLSgMxFM34rPVVdekmWIQKUmaqoCBIwY3LCvYBnWHIpJk2NPMguSOWsR/gxl9x40IRt36AO//GTDsLbb2QcDgPknu8WHAFpvltLCwuLa+sFtaK6xubW9ulnd2WihJJWZNGIpIdjygmeMiawEGwTiwZCTzB2t7wKtPbd0wqHoW3MIqZE5B+yH1OCWjKLZXjig0DBsQFbF/gh+y6d61jbPciUBrCUVG7zKo5GTwPrByUUT4Nt/Sl0zQJWAhUEKW6lhmDkxIJnAo2LtqJYjGhQ9JnXQ1DEjDlpJNlxvhQMz3sR1KfEPCE/Z1ISaDUKPC0MyAwULNaRv6ndRPwz52Uh3ECLKTTh/xEYIhw1gzucckoiJEGhEqu/4rpgEhCQfeXlWDNrjwPWrWqdVKt3ZyW65d5HQW0jw5QBVnoDNXRNWqgJqLoET2jV/RmPBkvxrvxMbUuGHlmD/0Z4/MHHR2ZGA==</latexit>

x1, . . . xt
<latexit sha1_base64="ndOJTlIJY0MLwNkTCJMoGTV/oW4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcJuFPQkAS8eI5gHJOsyO5kkQ2YfzPRqwpL/8OJBEa/+izf/xkmyB00sGCiquuie8mMpNNr2t5VbWV1b38hvFra2d3b3ivsHDR0livE6i2SkWj7VXIqQ11Gg5K1YcRr4kjf94c3Ubz5ypUUU3uM45m5A+6HoCUbRSA8jzzkjnW6Emow89Iolu2zPQJaJk5ESZKh5xS+TZUnAQ2SSat127BjdlCoUTPJJoZNoHlM2pH3eNjSkAdduOrt6Qk6M0iW9SJkXIpmpvxMpDbQeB76ZDCgO9KI3Ff/z2gn2rtxUhHGCPGTzRb1EEozItALSFYozlGNDKFPC3ErYgCrK0BRVMCU4i19eJo1K2TkvV+4uStXrrI48HMExnIIDl1CFW6hBHRgoeIZXeLOerBfr3fqYj+asLHMIf2B9/gCBcpHb</latexit>

θt
<latexit sha1_base64="dIfUnI2O/CgPwipa9bNPPCfGbxs=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoCcpePFYwX5AG8pmu2mXbjZxdyKU0D/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrB5wk3I/oUIlQMIpW6vRwxJH2sV+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nn83ik5s8qAhLG2pZDM1d8TGY2MmUSB7YwojsyyNxP/87ophtd+JlSSIldssShMJcGYzJ4nA6E5QzmxhDIt7K2EjaimDG1EJRuCt/zyKmnVqt5FtXZ/Wanf5HEU4QRO4Rw8uII63EEDmsBAwjO8wpvz6Lw4787HorXg5DPH8AfO5w8zHJAP</latexit>

p(θt | x1, . . . xt) =
p(θt)p(x1, . . . , xt | θt)

p(x1, . . . , xt)

∝ p(θt)p(x1, . . . , xt | θt)
<latexit sha1_base64="T3wv9zbfHA0X/LR6sN9f6/m5fkI="></latexit>
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Latent parameters at instant t    
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Compute the distribution                                 at each time step       

Bayesian Inference (in-the-loop)
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<latexit sha1_base64="T3wv9zbfHA0X/LR6sN9f6/m5fkI="></latexit>



Learn parameters from data

Latent parameters at instant t    

Observed data                     

Compute the distribution                                 at each time step       

prior: sample likelihood: observe

Bayesian Inference (in-the-loop)
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(Data are constants)

p(θt | x1, . . . xt)
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Example
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Robot Controller
Input: noisy acceleration acc (at each step), noisy position gps (sporadic) 

Output: command u to drive the robot to a given target 

State: xt = (position, velocity, acceleration) 

Motion model: xt+1 = A.xt + B.ut  (A, B are constant matrices)
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tracker

infer

x_dist

acc

gps

u

robot



Robot Controller
Input: noisy acceleration acc (at each step), noisy position gps (sporadic) 

Output: command u to drive the robot to a given target 

State: xt = (position, velocity, acceleration) 

Motion model: xt+1 = A.xt + B.ut  (A, B are constant matrices)
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lqr a b

tracker

infer

x_dist

acc

gps

u

robot

let node robot (acc, gps) = u where 

  rec x_dist = infer tracker (u, acc, gps) 

  and u = u0 -> lqr a b (mean (pre x_dist))



Robot Controller
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let proba kalman (u, acc, gps) = x where 

  rec mu = x0 -> (a *@ pre x) +@ (b *@ u) 

  and x = sample (mv_gaussian (mu, noise)) 

  and () = observe (gaussian (vec_get x 2, 1.0), acc) 

  and present gps (pos) -> 

         do () = observe (gaussian (vec_get x 0, 0.01), pos) done 

let node robot (acc, gps) = u where 

  rec x_dist = infer 100 tracker (u, acc, gps) 

  and u = u0 -> lqr a b (mean (pre x_dist)) 

221

222

223

224

225

. . . xt−1

at−1

xt

at

xt+1

at+1 pt+1

xt+2
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. . .
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(* xt+1 = A.xt + B.ut *)



Robot Controller
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Language
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Syntax

Other constructs can be expressed in this kernel. 

Probabilistic models are nodes (proba) 

Local equations in e where rec E are scheduled 

x where  

      rec init x1 = c1  

      and init x2 = c2 

      and x1 = e1 

      and x2 = e2

!12

future nodes

consumption of

memory

implementa-

(Figure 5).

d ::= let node f x = e | let proba f x = e | d d

e ::= c | x | (e ,e) | op(e) | f (e) | last x | e where rec E

| present e −> e else e | reset e every e

| sample(e) | observe(e , e) | infer(e)

E ::= x = e | init x = c | E and E



Syntax

Other constructs can be expressed in this kernel. 

Probabilistic models are nodes (proba) 

Local equations in e where rec E are scheduled 

x where  

      rec init x1 = c1  

      and init x2 = c2 

      and x1 = e1 

      and x2 = e2
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future nodes

consumption of

memory

implementa-

(Figure 5).

d ::= let node f x = e | let proba f x = e | d d

e ::= c | x | (e ,e) | op(e) | f (e) | last x | e where rec E

| present e −> e else e | reset e every e

| sample(e) | observe(e , e) | infer(e)

E ::= x = e | init x = c | E and E

x = 0 -> pre x + 1  

x where  

  rec init fst = true  

  and init x = 0 

  and fst = false  

  and x = if last fst then 0 else last x + 1



Typing: D vs. P

Add a kind D (deterministic) or P (probabilistic) 

sample and observe can only be used in a probabilistic context 

Deterministic expression can be lifted to probabilistic ones 

Transition realized by infer 

Add a datatype for distributions T dist
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cannot

ession

variable

G `
D e : T dist

G `
P sample(e) : T

G `
D e1 : T dist G `

D e2 : T

G `
P observe(e1, e2) : unit

G `
D e : T

G `
P e : T

G `
P e : T

G `
D infer(e) : T dist

[Benveniste et al. 11]



Co-iteration Semantics

Deterministic Stream: Initial state, transition function


Probabilistic Stream: transition function returns a measure over pairs (result, state)


Normalize the measure to obtain a distribution


!14
[Caspi, Pouzet 94, Staton 17]

! ⇥

CoStream(T , S) = S ⇥ (S ! T ⇥ S)

Repeatedly executing the transition function fromn o

neoγ : CoStream(T , S) = neoiγ , neo
s
γ

The deterministic semantics of ProbZelus presente

CoNode(T ,T 0
, S) = S ⇥ (S ! T ! T

0
⇥ S).

CoPStream(T , S) = S ⇥ (S ! (ΣT⇥S ! [0,1]))

Ameasure associates a positive number to eachmeasurable

{[e]}� : CoPStream(T , S) = {[e]}i� , {[e]}
s
�

The semantics of probabilistic expressions is presente

ody

only
CoPNode(T ,T 0

, S) = S ⇥ (S ! T ! (ΣT 0⇥S ! [0,1]))
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! ⇥

CoStream(T , S) = S ⇥ (S ! T ⇥ S)

Repeatedly executing the transition function fromn o

neoγ : CoStream(T , S) = neoiγ , neo
s
γ

The deterministic semantics of ProbZelus presente

CoNode(T ,T 0
, S) = S ⇥ (S ! T ! T

0
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only
CoPNode(T ,T 0
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µ : ΣD → [0,∞]

d : T dist =
µ

R
D
µ(dx)

<latexit sha1_base64="yxZQO3AVO2gToo6rBJW1FvlmX/s="></latexit>



Co-iteration Semantics: D
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551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

nxoi� = ()

nxos� = �s . (� (x), s)

npresent e �> e1 else e2o
i
� = (neoi� , ne1o

i
� , ne2o

i
� )

npresent e �> e1 else e2o
s
� = �(s, s1, s2). let �, s

0
= neos� (s) in

if � then let �1, s
0

1 = ne1o
s
� (s1) in (�1, (s

0
, s

0

1, s2))

else let �2, s
0

2 = ne2o
s
� (s2) in (�2, (s

0
, s1, s

0

2))

⇢

⌧
e where

rec init x1 = c1 and init x2 = c2

and x1 = e1 and x2 = e2

�

�

i

�

=

©≠́ (c1, c2),

(ne1o
i
� , ne2o

i
� ),

neoi�

™Æ̈

⇢

⌧
e where

rec init x1 = c1 and init x2 = c2

and x1 = e1 and x2 = e2

�

�

s

�

=

�((m1,m2), (s1, s2), s).

let �1 = � [m1/x1_last] in let �2 = �2[m2/x2_last] in

let �1, s
0

1 = ne1o
s
�2
(s1) in let � 0

1 = �2[�1/x1] in

let �2, s
0

2 = ne2o
s
� 0

1
(s2) in let � 0

2 = �
0

1[�2/x2] in

let �, s 0 = neos
� 0

2
(s) in

�, ((� 0

2[x1],�
0

2[x2]), (s
0

1, s
0

2), s
0)



Co-iteration Semantics: P
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661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

{[sample(e)]}i� = neoi�
{[sample(e)]}s� = �s . �U . let µ, s 0 = neos� (s) in

Ø

T
µ(d�) �� ,s 0(U )

{[observe(e1, e2)]}
i
� = (ne1o

i
� ,ne2o

i
� )

{[observe(e1, e2)]}
s
� = �(s1, s2). �U .

let µ, s 01 = ne1o
s
� (s1) in

let �, s 02 = ne2o
s
� (s2) in µpdf (�) ⇤ �(),(s 01,s2)(U )

("

e where

rec init x1 = c1 and init x2 = c2

and x1 = e1 and x2 = e2

#)s

�

=

�((m1,m2), (s1, s2), s). �U .

let �1 = � [m1/x1_last] in let �2 = �1[m2/x2_last] in

let µ1 = {[e1]}
s
�2
(s1) in

Ø

µ1(d�1,ds
0

1)let �
0

1 = �2[�1/x1] in

let µ2 = ne2o
s

� 0

1
(s2) in

Ø

µ2(d�2,ds
0

2)let �
0

2 = �
0

1[�2/x2] in

let µ = {[e]}s
� 0

2
(s) in

Ø

µ(d�,ds 0) �� ,((� 0

2[x1],�
0

2[x2]),(s
0

1,s
0

2),s
0)(U )

eturns the

duced in Sec-

{[e]}i� = neoi� if kindOf (e) = D

{[e]}s� = �s . �U . �neosγ (s)(U ) if kindOf (e) = D
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!16

661

662

663

664

665

666

667

668

669

670

671

672

673

674

675

676

677

678

{[sample(e)]}i� = neoi�
{[sample(e)]}s� = �s . �U . let µ, s 0 = neos� (s) in

Ø

T
µ(d�) �� ,s 0(U )

{[observe(e1, e2)]}
i
� = (ne1o

i
� ,ne2o

i
� )

{[observe(e1, e2)]}
s
� = �(s1, s2). �U .

let µ, s 01 = ne1o
s
� (s1) in

let �, s 02 = ne2o
s
� (s2) in µpdf (�) ⇤ �(),(s 01,s2)(U )

("

e where

rec init x1 = c1 and init x2 = c2

and x1 = e1 and x2 = e2

#)s

�

=

�((m1,m2), (s1, s2), s). �U .

let �1 = � [m1/x1_last] in let �2 = �1[m2/x2_last] in

let µ1 = {[e1]}
s
�2
(s1) in

Ø

µ1(d�1,ds
0

1)let �
0

1 = �2[�1/x1] in

let µ2 = ne2o
s

� 0

1
(s2) in

Ø

µ2(d�2,ds
0

2)let �
0

2 = �
0

1[�2/x2] in

let µ = {[e]}s
� 0

2
(s) in

Ø

µ(d�,ds 0) �� ,((� 0

2[x1],�
0

2[x2]),(s
0

1,s
0

2),s
0)(U )

eturns the

duced in Sec-

{[e]}i� = neoi� if kindOf (e) = D

{[e]}s� = �s . �U . �neosγ (s)(U ) if kindOf (e) = D



Co-iteration Semantics: infer 

The state of infer is a distribution  

At each step infer compute a distribution of results, and a distribution of states 

Free variables in e capture input from deterministic processes 

The distribution of results can be used by other deterministic processes 

The distribution of state is used for the next step
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682

683

684

685

686

ninfer(e)oi� = �U . �neoiγ (U )

ninfer(e)os� = �� . let µ = �U .

Ø

S
� (ds){[e]}s� (s)(U )

Ø

S
� (ds){[e]}s� (s)(>)

in (�1⇤(µ), �2⇤(µ))

Inference-in-the-loop



Inference
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Launch N particles. At each step:

Each particle generate pairs (result, score) with an importance score 

Normalize the pairs based on the score 

Re-sample a new set of particles from this distribution

Particle Filtering
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Delayed Sampling

Particle filter + symbolic computations


Exploit relations between random variables to maintain a Bayesian network 

Observation can be incorporated by analytically conditioning the network 

Exact solution if possible, default to particle filtering otherwise

[Murray et al. 2018]
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Delayed Sampling

Particle filter + symbolic computations


Exploit relations between random variables to maintain a Bayesian network 

Observation can be incorporated by analytically conditioning the network 

Exact solution if possible, default to particle filtering otherwise



Streaming Delayed Sampling
Problem: the size of the network is linear in the number of samples 

Novel implementations (SDS, and BDS) run in bounded memory
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Streaming Delayed Sampling
Benchmarks illustrate: fixed parameters, trajectory, inference-in-the-loop 

Baseline: accuracy of SDS with 500 particles 

Latency of the inference algorithms to reach comparable accuracy
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Conclusion

ProbZelus

Synchronous language extended with probabilistic constructs 

Inference-in-the-loop 

Efficient streaming inference algorithms 

Design, Semantics, Compilation

Type system to discriminate deterministic and probabilistic processes 

Measure-based co-iterative semantics 

Semantics preserving compilation scheme 

Streaming inference

Adapt particle filtering and delayed sampling to run on stream processors 

Streaming delayed sampling implementation that run in bounded memory
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